We present the light-cone gauge fixed Lagrangian for the M5-brane; it has a residual 'exotic' gauge invariance with the group of 5-volume preserving diffeomorphisms, SDiff 5 , as gauge group. For an M5-brane of topology R 2 × M 3 , for closed 3-manifold M 3 , we find an infinite tension limit that yields an SO(8)-invariant (1 + 2)-dimensional field theory with 'exotic' SDiff 3 gauge invariance. We show that this field theory is the Carrollian limit of the Nambu bracket realization of the 'BLG' model for multiple M2-branes.
Introduction
A (1 + 2)-dimensional relativistic gauge theory based on a Filippov 3-algebra [1] (see also [2] ) rather than a Lie algebra, was proposed recently by Bagger and Lambert [3] , and by Gustavsson [4] , as a model of multiple M2-branes. The model has an OSp(8|4) conformal symmetry [5] as expected for the infra-red fixed point of the Yang-Millstype gauge theory on coincident D2-branes. The construction requires a metric on the 3-algebra and if this metric is positive definite then the structure constants of the 3-algebra define a totally-antisymmetric fourth-rank tensor satisfying a 'fundamental identity'. When the structure constants vanish one has a 'trivial' 3-algebra and the model reduces to a free theory for the N = 8 scalar multiplet, as expected for the conformal limit of a single planar M2-brane. A non-trivial realization based on the Lie algebra so(4) was given by Bagger and Lambert [3] , and it appears to describe two coincident M2-branes on an orbifold [6, 7] . It has since been shown that the only other finite-dimensional realizations are direct sums of copies of this 'so(4)-based' algebra with trivial abelian 3-algebras [8, 9] . Other possibilities emerge when one allows for Lorentzian metrics on the 3-algebra [10, 11] but these models have ghosts; we refer to some very recent works for further discussion of this point [12, 13] , and to [14] for a supergravity perspective. Various other facets of Bagger-Lambert-Gustavsson (BLG) models have been addressed in other papers; an incomplete list can be found in [15, 16, 17] .
In the context of the original BLG model, with positive definite metric, there remains one other possibility: there is an infinite-dimensional realization of the 3-algebra in terms of the Nambu bracket on a three-dimensional space [18, 19, 11] . In this realization, the BLG model is essentially an exotic gauge theory for the group of volume preserving diffeomorphisms of this space, where by 'exotic' we mean that the gauge theory is not of Yang-Mills type 1 . This is not the first occasion on which exotic gauge theories based on volumepreserving diffeomorphisms have appeared. They also arise from light-cone gauge fixing of relativistic p-brane actions for p > 2; these are 'exotic' gauge theories with a group of p-volume preserving diffeomorphisms, SDiff p , as the gauge group [20] . This generalizes the (dimensionally-reduced) Yang-Mills-type actions for p = 2 where the Yang-Mills gauge group is a group of area-preserving diffeomorphisms that may loosely be regarded as SU(∞) [21] . In particular, the light-cone gauge-fixed 10 dimensional (N = 1) 5-brane is an exotic gauge theory with an SDiff 5 gauge group [20] . Clearly, a similar result should hold for the 11-dimensional M5-brane, and one purpose of this paper is to present this SDiff 5 -invariant action.
Our starting point is the Hamiltonian M5-brane action for a general supergravity background [22] , which can be deduced from the Lorentz-covariant M5-brane action [23, 24] after a 'temporal gauge' choice for the PST-gauge invariance [25] . One advantage of the Hamiltonian form is that the passage to the light-cone gauge-fixed theory is conceptually simpler. A further advantage, specific to the M5-brane, is that the non-linear self-duality of its worldvolume 3-form field strength H = dA is very simply incorporated, off-shell, by the disappearance from the action (excepting boundary terms) of the time components of the 2-form potential A. After partial fixing of the worldvolume reparametrization invariance by the choice of light-cone gauge, one is left with an SO(9)-invariant SDiff 5 exotic gauge theory with Chern-Simons-type terms for the space components of A.
As is well-known, the flux of the 2-form potential on the M5-brane may be interpreted as M2-branes 'dissolved' in the M5-brane. Thus, a single M5-brane may contain multiple M2-branes and is therefore a promising starting point for a construction of the BLG model for multiple-M2-branes. Another indication of this is that the Nambu-bracket realization of the BLG theory introduces some 'internal' Riemannian 3-manifold M 3 , so that the 'total' space dimension is 2 + 3 = 5. In fact, it has been been proposed in recent papers that the Nambu-bracket realization of the BLG model is equivalent to the M5-brane action [18, 19] (see also [26] ). However, in the 11-dimensional Minkowski vacuum of M-theory considered in [18, 19] and here 2 , the symmetry algebra of the M5-brane action is an 11-dimensional super-Poincaré algebra with tensor charges [27] , so it would be remarkable if an OSp(4|8) theory were to emerge.
Another purpose of this paper is to address this issue from the 'opposite' direction: starting from the light-cone gauge fixed M5-brane action, we consider an M5-brane of topology R 2 × M 3 and then consider how the BLG theory, in its Nambu-bracket realization, might emerge from it. It is natural to suppose that the SDiff 3 gauge group of the Nambu-bracket BLG theory is a subgroup of the SDiff 5 gauge group of the M5 theory, so we propose a partial gauge fixing that identifies the R 2 coordinate with two of the M5-brane coordinates. This breaks the manifest SO(9) invariance to SO(7), but we consider whether this could be enhanced to SO(8) in some limit. At the same time, we expect to find some (1 + 2)-dimensional theory with an SDiff 3 residual gauge group. One obvious way that this could happen is if all fields are assumed to be independent of position in R 2 , but this amounts to a double-dimensional reduction and it yields an SO(7)-invariant non-conformal 3-brane action on M 3 , rather than an SO(8)-invariant conformal theory on R 2 . Here, we keep the dependence on all worldvolume coordinates, including the R 2 coordinates, but we rescale the worldvolume fields by a power of the M5-brane tension such that the rescaled fields have the dimensions expected of a conformal (1 + 2)-dimensional theory, and we also introduce rescaled dimensionless coordinates for M 3 . We then show that the infinite tension limit yields an SDiff 3 invariant gauge theory in which SO(7) is enhanced to SO (8) .
In fact, the theory we get this way differs from the BLG theory only in the absence of space derivatives. Even though the fields depend on the R 2 coordinates, there are no derivatives with respect to them; we thus find a "Carrollian" limit [28, 29] of the BLG theory (see e.g. [30] for a recent discussion of this limit).
We will begin with a summary of some essential details of the superspace geometry of 11-dimensional supergravity, and of the M5-brane action, and then proceed to our first result: the light-cone gauge fixed action for an M5-brane in the 11-dimensional Minkowski vacuum of M-theory. We then consider M5-branes of topology R 2 × M 3 , partially gauge fix the SDiff 5 invariance, and show how a global SO(8) and local SDiff 3 emerge in a T → ∞ limit that involves rescaling fields and coordinates by powers of T to have the dimensions expected of a BLG theory. We then summarize the results, explain their relation to the Carrollian limit of BLG theory, and speculate on possible extensions.
Superspace and M5 preliminaries
An (on-shell) supergravity background is determined by the supervielbein one-form E A = (E α , E a ) and the 3-form and 6-form potentials C 3 and C 6 , subject to constraints on the torsion 2-form T A = DE A and on the 4-form and 7-form field strengths R 4 and R 7 . These constraints imply that the vector component of the torsion 2-form takes the form
and that
2)
Let Z M be local coordinates for the 11-dimensional superspace, and let ξ m be local coordinates for the M5-brane worldvolume. The embedding of the worldvolume in the superspace is described by coordinate functions Z M (ξ) that define a map from the worldvolume to the superspace. Differential forms on superspasce may thereby be pulled back to the worldvolume. We will use the same notation for a superspace form and its pullback as the context should make it clear which is meant. Thus, the pullback of the supervielbein is
and the induced worldvolume metric is g mn = E m a E b n η ab , where η is the mostly minus Minkowski 11-metric.
As we will be using a Hamiltonian form of the M5-brane action, we set ξ m = (t, σ i ) (i = 1, 2, 3, 4, 5) and we write
The induced, positive definite metric on the 5-dimensional 'worldspace' is
We denote by | 5 g| the determinant of this metric. Similarly, the pullback of the 3-form potential is
This is used to construct the worldvolume 3-form field-strength H = dA − C 3 for the worldvolume 2-form potential A of the M5-brane.
We are now in a position to write down the Hamiltonian form of the M5-brane action. More precisely, we choose an intermediate form that requires only the introduction of a Lorentz-vector momentum variable P a , and a time-space split; for example,
As a result of the non-linear self-duality of H, the momentum variables conjugate to A ij can be expressed in terms of H ijk [22] , and then A 0i appears in the action only through a surface term 3 . The resulting Lagrangian density is
where
and
The variables (ℓ, s i ) are the 'lapse' and 'shift' Lagrange multipliers for the Hamiltonian constraint and worldspace diffeomorphism constraints, respectively.
In this paper, we consider only the 11-dimensional Minkowski vacuum, for which
where Θ is an SO(1, 10) Majorana spinor, and
where Θ T is the transpose of Θ (viewed as a column vector), and C is the (unitary) antisymmetric charge conjugation matrix. In a Majorana basis, the (unitary) Dirac matrices are pure imaginary; for example (♮ ≡ 10)
3 In terms of the original covariant action [23] , this is because of the PST symmetry.
where γ I are the nine 16-component real symmetric SO(9) Dirac matrices, satisfying
IJ . In this basis we may choose C = Γ 0 , so that Θ is a real 32-component spinor, in which case
3 Light-cone M5-brane
We choose coordinates such that the Minkowski 11-metric is
The corresponding Dirac matrices, multiplied by the charge conjugation matrix, are
where the blocks are 16 × 16. In this basis,
where θ ± are 16 component real SO (9) spinors. The light cone gauge is defined by
whereē is the volume form for some (time-independent) 'fiducial' 5-metric admitted by whatever topology we choose for the M5-brane, and the factor of 1/4 is for later convenience. The constraint on Θ implies that θ − = 0, as a result of which 5) and the pullbacks of the superspace potentials are
6)
Using these results, we find that C M = δ ++ M C ++ , where
The M5 Lagrangian density now reads
whereē
The variable X −− is now a Lagrange multiplier imposing the constraint
This condition is solved locally byē 12) where the antisymmetric worldspace tensor Λ ij is the Lagrange multiplier for the constraint ∂ [i K j] = 0; the components of the antisymmetric worldspace tensor
generate (via Poisson brackets) 5-volume-preserving diffeomorphisms of the dynamical variables.
Rather than solve the constraint for s i , we may proceed on the understanding that it is constrained by (3.11). We may then rewrite the Lagrangian density as
where D t is a covariant time derivative: for the worldspace scalars 14) while for the worldspace antisymmetric tensor A ij ,
Setting to zero all fermions and the gauge fields, for simplicity, and eliminating P I as an auxiliary field, we arrive at the SDiff 5 -invariant Lagrangian density
The potential is
which is a generalized Nambu bracket, itself a generalization of the Poisson bracket. Note that we define the bracket with the inverse of the 'fiducial' densityē in order that it map products of scalars to a scalar 4 . As a prelude to the procedure considered in the remainder of the paper, we now show how a rescaling of the variables by appropriate powers of the tension T allows all dependence on T to be factored out. Specifically, we set 19) for arbitrary real constant ν. The result is that 20) where I the action functional with T -dependent integrand L M 5 of (3.9) andĨ is the same functional but with T = 1. For ν = 1/2, the T 1−2ν prefactor is unity and the dimensions of the variables become the standard dimensions for fields in a six-dimensional spacetime.
Further gauge fixing and a hypertensile limit
We now suppose that the M5-brane has topology R 2 × M 3 for some compact 3-manifold M 3 , and we identify the R 2 cartesian coordinate functions with two of the local space coordinates on the M5-brane. This means firstly that we may now take the 'fiducial' worldvolume densityē to be a worldvolume density for some 'fiducial' metric on M 3 . Secondly, we make the split
and partially fix the SDiff 5 invariance by choosing
This implies a similar split of the SO(9) Dirac matrices into SO(7) Dirac matrices γÎ and R 2 Dirac matrices γ α . 4 The analogous analysis for the M2-brane leads to a similar result but with a bilinear Poisson bracket instead of a multi-linear Nambu bracket. The Poisson bracket may again be defined with a factor ofē −1 , because this is consistent with the Jacobi identity, and it should be so defined in order that products of scalars get mapped to a scalar. To see the necessity of this factory, it suffces to consider a spherical M2-brane such that X 2 + Y 2 + Z 2 = 1; one finds that {X, Y } P B = Z, and cyclic permutations, only ifē is the volume form on the unit sphere.
Having eliminated the variables X α by a gauge choice, we expect to be able to express the conjugate variables P α in terms of the remaining variables, and this will eventually be done. However, we postpone this step as it can be done more simply after we have settled the issue of the residual gauge invariance that survives this partial gauge fixing. In particular, we are interested in whether the residual gauge group could be the group of volume preserving diffeomorphisms of M 3 . If s α were unconstrained we would have K α = 0 as a constraint, which could be solved for Pα. However, s α is related to sα by the constraint (3.11). What we would like is a model in which sα is subject to a divergence-free constraint whereas what we have is a constraint that relates its divergence to s α . As we shall see, this problem can be overcome by taking an infinite tension (hypertensile) limit after a rescaling of the coordinates and fields.
Another problem is that the manifest SO(9) invariance of the light-cone M5-brane action is broken to SO (7) by (4.1). However, the single R 2 component of the worldvolume 2-form A may be identified as an 8th scalar, so one may hope that the SO(7) invariance is enlarged to SO(8) in the limit that the residual gauge group becomes SDiff 3 . We shall explain precisely how this hope is realized.
We first consider a rescaling of the fields of the type (3.19). Leaving aside the two-form potential for the moment, this means that
for new variables (φÎ, πÎ, Ψ). As a consequence of this rescaling,
Ultimately, we will choose ν = 1/4 (4.5) because this yields dimensions for the rescaled fields that are appropriate for a conformal theory in (1 + 2) dimensions; recall that T has mass dimension [T ] = 6 in fundamental units. This choice leads to an overall factor of √ T but this can be cancelled, in the action, by a rescaling of the M 3 coordinates. This requirement fixes the rescaling of the M 3 coordinates for the choice ν = 1/4 but we will find it convenient to retain ν as a free positive parameter on the understanding that ν = 1/4 will be our ultimate choice. For other values of ν the rescaling of the M 3 coordinates can be fixed by requiring that all leading terms in the Lagrangian density for large T appear with the same factor of T 1−2ν . As we shall verify, this happens when the M 3 coordinates are rescaled such that
For ν = 1/4 the rescaled coordinates are dimensionless and
If we now define a new pair of variables (φ 8 , π 8 ) by
and rescaled mixed and M 3 components of A by
The first term in the brackets on the right hand side provides an SO(8) completion of (4.4). However, it is a consequence of the definition of π 8 that 10) and this breaks SO (8) for finite T . This is a first indication that SO(8) invariance can emerge only in a T → ∞ (hypertensile) limit. In this limit, we learn from (4.10) only thatHαβγ = 0, which implies thatÃαβ is 'pure gauge'. However, a gauge transformation ofÃαβ can be compensated in (4.9) by a gauge transformation of b, viewed as a M 3 -vector valued abelian gauge potential on R 2 , and this turns out to be generally true. In other words, all that survives ofÃαβ in the T → ∞ limit is a pure gauge Stückelberg field that can be set to zero by a gauge transformation of b. Notice that while this gauge invariance of b is 'used up' (or ' broken spontaneously by the Stückelbeg mechnaism), there is still a gauge invariance of b viewed as a vector potential on M 3 , and this remains unbroken.
With the rescalings as given, and taking into account the constraint (4.10), we now have 5 Hαβ˙γ =Hαβγ = −T −ν π 8 , (4.11)
12) 13) and hence that
Taking into account the fact that the M 3 components of H go to zero in the T → ∞ limit, we find that
and thatēK
Notice the absence of fermionic terms in this expression; for finite T they appear with a ∂ α derivative but are supressed in the T → ∞ limit. As we discuss below, the disappearance of R 2 derivatives is a general effect of the limit we consider. 5 We define ε αβ such that ε αβ ε αγ = δ α γ .
We are now in a position to see how an SDiff 3 gauge group will emerge in the T → ∞ limit. First, we define rescaled shift functions by
As a consequence, we have 18) and
In the T → ∞ limit, the rescaled shift-function componentssα satisfy a divergencefree condition, and impose the constraints associated with an SDiff 3 gauge invariance. The componentss α become unconstrained Lagrange multipliers that impose the constraintK α = 0, which is trivially solved forP α :
Now we turn to the terms in the Hamiltonian. One such term is
Substitution forP α yields a term that is not SO(8) invariant but we still have many other terms to consider. For example,
where we have defined the Nambu bracket of functions (F, G, H) by
Omitting the overall power of T , which is the same as in (4.9), we see that the leading term in the T → ∞ limit is an SO(7)-invariant potential that can be expressed as a sum of squares of Nambu brackets for the 7 scalar fields φÎ. A similar computation yields
The first term on the right hand side provides the SO(8) completion of the π 2 term in (4.21), and the second term provides the SO(8) completion of theP We have now found all terms of leading order in an expansion in inverse powers of T that survive the truncation in which all fermion terms are omitted. The SO(8) invariance of this bosonic truncation can be made manifest by defining an SO(8)-vector valued scalar field Φ, and its conjugate momentum Π, by
We shall postpone a presentation of the manifestly SO(8) invariant results in this notation until we have dealt with the fermion terms.
Fermions
We have already seen in (4.4) that there is a fermion bilinear 'kinetic' term, and in (4.15) that there is a fermion bilinear contribution to the SDiff 3 constraint function. These fermion terms are manifestly SO (8), in fact SO (9), invariant. However, we still have to consider the fermion bilinear T C ++ . In our rescaled variables this becomes
This is not obviously SO(8) invariant. To show that it is SO(8)-invariant, we must first decompose the SO(9) spinor Ψ into its irreducible SO(8) representations. To do this we choose the SO(9) gamma matrices γ I = γĨ, γ 9 to be 28) where ρĨ are SO(8) 'sigma' matrices, with transposeρĨ; i.e.ρĨȦ B := ρĨ BȦ . These 8 × 8 matrices satisfy 
31)
It will be seen shortly that the doublet of SO (8) spinors (ψ 1 , ψ 2 ) can be re-interpreted as an octuplet of two-component spinors of the SO(2) rotation subgroup of the Sl(2; R) Lorentz group of a (1 + 2)-dimensional Minkowski spacetime. To this end, we define 2 × 2 Dirac matrices in terms of the hermitian Pauli matrices bỹ
These matrices are all pure imaginary because of our 'mostly minus' metric convention. The 2 × 2 charge conjugation matrix c can be chosen to beγ 0 , in which case cγ 0 = 1 2 and both cγ 1 = τ 3 and cγ 2 = −τ 1 are real symmetric matrices. As ρ 8 squares to the identity, the 'kinetic' term can be written in the following
Aγ 0ψ
A .
(4.33) whereψ = ψc = ψγ 0 . With this notation we find that (4.26) can be rewritten as
Finally, we can now rewrite the expression (4.15) forKα in manifestly SO(8) invariant form as 
Carrollian BLG
We have now shown that the Lagrangian density of the light-cone gauge fixed M5-brane can be written, after some further gauge fixing, in the form
whereL is an SO(8) invariant constructed from rescaled fields that are functions of coordinates x µ = (t, x α ) of a 3-dimensional Minkowski spacetime, and rescaled coordinatesσα for a compact 3-space. As we observed previously, the overall factor of T 1−2ν cancels from the action I M 5 when ν = 1/4, and in this case we can definẽ
Putting together the results of the previous section, we see that
where the Lagrange multiplier for the SDiff 3 constraint satisfies Conspicuous by their absence are any R 2 derivatives of any of the fields, scalar, spinor or gauge. In the Nambu bracket realization of the BLG theory [3] , these derivatives occur together with minimal coupling terms, such that both are taken into account via the 'covariant derivative' [18] 
If one then sets ∂ α ΦĨ = 0 and ∂ α ψ A = 0, one gets the terms in (4.38) that couple b to Φ and ψ. If we also eliminate the 8-momentum Π then we arrive at the Lagrangian densityL
where D t is the SDiff 3 covariant derivative defined, as in section 3, by
This is an SDiff 3 gauge invariant Lagrangian density for a model with a rigid SO(1, 2) invariance broken to SO(2) by subtraction of all spatial derivatives of fields. If we suppress this subtraction then we have the Nambu bracket realization of the BLG theory. However, our final result (4.43) should not be thought of as the dimensional reduction on R 2 of the Nambu-bracket BLG model because the fields were never assumed to be independent of the R 2 coordinates. Instead, what we have found is the Carrollian limit of the Nambu-bracket BLG theory, in which the speed of light has been taken to zero; this has precisely the effect of suppressing all spatial derivatives.
We have presented the light-cone gauge fixed action for the M5-brane in the 11-dimensional Minkowski vacuum of M-theory. As expected from earlier results, it has an 'exotic' SDiff 5 gauge invariance. By considering an M5-brane of topology R 2 ×M 3 , for some closed 3-manifold M 3 , we found a (1 + 2) dimensional Minkowski space field theory, which is plausibly related to the recent 'BLG' multiple M2-brane model because an M5-brane may contain 'dissolved' M2-branes. Crucially, the BLG model has an SO(8) invariance whereas only an SO (7) invariance is guaranteed by the M5 construction. We found a limit, formally one of infinite M5 tension T although the fields and coordinates were first scaled by powers of T , in which the SO(7) invariance is enhanced to SO(8). In the same limit the partially gauge-fixed SDiff 5 invariance is reduced to an SDiff 3 invariance and a BLG-like theory emerges, complete with the expected potential term. However, the limit also suppresses R 2 derivatives. Starting from the BLG theory, one can achieve the same supression of spatial derivatives by taking a 'Carrollian' limit, in which limit the speed of light is zero. We should point out that our Carrollian limit of the (super)conformal BLG theory is not itself conformal, although it is likely invariant under the contraction of the (super)conformal group that is implied by the contraction of its Lorentz subgroup to the Carroll group.
An interesting fact (which we passed over previously for the sake of simplicity of presentation) is that essentially the same results may be obtained by a zero tension limit if one choose the parameter ν defining the various rescalings to be negative. In this case, the fields and coordinates have 'peculiar' dimensions and the overall factor of T 1−2ν multiplying the leading term in the Lagrangian density does not cancel in the action; one must rescale the action before taking the T → 0 limit (as considered for a tensionless string in [32] ). We do not know whether this fact is of any significance but, in light of it, it is worth recalling that the Carroll group arises naturally as the symmetry of a null brane in one higher dimension [30] .
An obvious question is whether there is some other limit in which precisely the BLG theory emerges. We cannot say for sure but we consider this unlikely for various reasons. To start with, the symmetry algebra of the M5-brane in the Minkowski vacuum of M-theory is an 11-dimensional super-Poincaré symmetry with tensor charges, and neither this algebra nor any of its contractions contains the algebra of OSp(4|8), which is the symmetry supergroup of the BLG theory. From this viewpoint, a better starting point might be an M5-brane in the adS 4 × S 7 vaccuum of M-theory, because an M5-brane in this background is OSp(8|4) invariant [33] , but it remains to be seen whether this will work. If it does, then it is likely that the limit of infinite adS radius, in which the adS 4 ×S 7 vacuum degenerates to the 11-dimensional Minkowski vacuum, will correspond to the Carrollian limit of the 'holographic' BLG theory.
Another obvious question is whether analogous results might emerge by considering M5-branes of other topology, for example S 1 × M 4 for some closed 4-manifold M 4 . One might imagine that this could be related to some 'exotic' (1 + 1)-dimensional gauge theory based on a Filippov 4-algebra. However, all we were able to find was a version of the D4-brane action in which all fields depend on a 5th space coordinate, but without derivatives with respect to it. Another possibility is an M5-brane of topology R 3 × M 2 ; in this case there are many possibilities for rescaling fields and therefore, potentially, there are many possible limits. We hope to report on this case in a future publication.
